typeset using JPSJ.sty <ver.l.Ob> 



On 



Rodrigues Formula for the Nonsymmetric Multivariable Laguerre 

Polynomial 

Akinori Nishino*, Hideaki Ujino** and Miki Wadati 

Department of Physics, Graduate School of Science, University of Tokyo, 
Hongo 7-3-1, Bunkyo-ku, Tokyo 113-0033 



(Received 



) 



43 

o 

CD 



■4— > 

CO 



I 

C 

O 

o 



> 

in 
o 

On 
On 



13 

o 
o 



X 



Extending a method developed by Takamura and Takano, we present the Rodrigues formula for 
the nonsymmetric multivariable Laguerre polynomials which form the orthogonal basis for the 
Bjv-type Calogero model with distinguishable particles. Our construction makes it possible for 
the first time to algebraically generate all the nonsymmetric multivariable Laguerre polynomials 
with different parities for each variable. 
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§1. Introduction 

Quantum many-body problems have played an im- 
portant role in various fields of physics. In particular, 
exactly solvable models have been extensively studied 
by many physicists and mathematicians. Since exactly 
solvable models in quantum mechanics have the same 
number of mutually commuting conserved operators as 
their degrees of freedom, they are usually called quan- 
tum integrable systems. A good example of ±h£m is the 
Calogero- Sutherland type model (C-S modelj&BEP which 
has inverse-square long-range interactions between par- 
ticles in a one-dimensional space. The Dunkl-Cherednik 
operator formulation is a very powerful tool for system- 
atic construction of i.he conserved operators for many 
kinds of C-S models.otf Their simultaneous eigenfunc- 
tions, which form the orthogonal bases of their Hilbert 
spaces, are written by products of the Jastrow type 
ground state wave function and multivariable orthogo- 
nal polynomials that are generalized versions of classical 
orthogonal polynomials. 

The Sutherland model describing the particles on a 
circle is a representative of the family of the C-S mod- 
els. The orthogonal basis for the SujLhedajid model has 
been known as the Jack polynomial.Q'13'ErB 1 Richness of 
its analytic properties enables us to calculate the Green 
fimctinTi th^ density-density correlation function and so 
on.E30E3'LLj) That is why studies on the multivariable 
orthogonal polynomials have interested many physicists. 

On the other hand, the Calogero model describing the 
particles in the harmonic potentiao has been treated 
by the Dunkl-Cherednik operator formulation as well 
as the Sutherland model. The orthogonal basis of the 
Calogero model is a one-parameter deform ation of the 
Jack polynomial, i.e. the Hi-Jack polynomial,tllll3 which 
is called the multivariable Hermite polynomial from the 
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viewpoint of generalization of the classical orthogonal 
polynomial. The orthogonal bases for other C-S models 
were also constructed.!!^ ._. ._ . 

Under the stimulus of the Haldane-Shastry model, U'Eif 
the C-iL .models with spin degrees of freedom ap- 
peared£j'E3'EllL3' To investigate the orbital part of the 
eigenfunction, the C-S models with distinguishable par- 
ticles were introduced. The Hamiltonians for these C-S 
models have the coordinate exchange operator Kjk act- 
ing on an arbitrary N- variable function as follows, 



3 ' 



3 i 
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To obtain eigenfunctions of the C-S models with distin- 
guishable particles, it is enough to consider nonsymmet- 
ric polynomials diagonalizing their Cherednik operators. 
Knop and Sahi recursively constructed the nonsymmet- 
ric Jack polynomial fat the Sutherland model with dis- 
tinguishable particlesEj) Baker and Forrester translated 
it to other nonsymmetric polynomials .EjEj' 

Recently, Takamura and Takano algebraically con- 
structed the nonsymmetric Jack polynomial.EJ' The es- 
sential point of their work is introduction of two types 
of operators, i.e. the braid-exclusion and the raising op- 
erators. In the previous paper ,EZP we considered the 
Calogero model with distinguishable particles, 



1 N 1 



N 

J,fc=l 
3^k 



a(a - K 3 k) 



(1.1) 



where the constants a and u> are the coupling parame- 
ter and the strength of the external harmonic well, re- 
spectively, and pj — |gf-- Generalizing the method 
developed by Takamura and Takano, we provided the 
Rodrigues formula for the nonsymmetric multivariable 
Hermite polynomial. While it is difficult to compute the 
coefficient of the top term of the polynomial, it is easy 
to give simple expressions for the nonsymmetric eigen- 
functions and to calculate their norms by the Takamura- 
Takano method. 
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The above Calogero Hamiltonian ([O]) is invariant un- 
der the action of the AAr_i-type Weyl group, i.e. under 
Sn, on the indices of the particle. Thus the model is 
sometimes called the AAr^-Calogero model. Similarly, 
the Calogero models associated with other Weyl groups 
exist. The system, which has the additional interactions 
with the boundary at the origin and the japror image 
particles, is called the -Bjv-Calogero model.EIEiP The or- 
thogonal basis for the -Bjv-Calogero model is known to be 
the multivariable Laguerre polynomial which is even in 
each variable. For the -Bjv- Calogero model with distin- 
guishable particles, i.e. including both the coordinate ex- 
change and reflection operators, the nonsymmetric eigen- 
functions of the Cherednik operators have already been 
constructed by the Knop-Sahi method.EJ However they 
are also restricted to functions which are even in each 
variable. In this paper, extending the Takamura-Takano 
method, we shall present the Rodrigues formula for the 
nonsymmetric multivariable Laguerre polynomial. Our 
method enables an algebraic construction of the nonsym- 
metric multivariable Laguerre polynomial which holds 
different parities for each variable. 

The plan of the paper is the following. Section || is 
devoted to a summary of the Dunkl-Cherednik opera- 
tor formulation for the i?Ar-Calogero model. In §[| we 
shall present the Rodrigues formula for the nonsymmet- 
ric multivariable Laguerre polynomial which is allowed 
to hold different parities for each variable. We shall cal- 
culate their norms in §[I| The final section is devoted to 
concluding remarks. 

§2. Dunkl-Cherednik Operator Formulation for 
the Sjv-Calogero Model 

We briefly summarize the Dunkl-Cherednik opera- 
tor formulation for the -Bjv-Calogero model. The B^- 
Calogero Hamiltonian with both the coordinate ex- 
change and reflection operators is defined by 



c 2 



if:, 



a(a-K jk ) a(a — tjtkKjk) 



,(2-1) 



where b is another coupling parameter and tj is the re- 
flection operator, 

t j f(---,x j ,---) = f(---,-x j ,---). (2.2) 

Hereafter we call eq. ( |2 . l| ) the Bjv-Calogero model with 
distinguishable particles. The ground state wave func- 
tion and the ground state energy are 



4 s) (*)= n \*j 

l<j<k<N 



N I N 

ni^! b exp(- 

1=1 m=] 



E [ g B) = -U)N(1 + 2(N - l)a + 2b), 



(2.3) 



respectively. For the sake of simplicity, we write f(x) for 
a function with N variables, f(xi, X2, • ■ ■ , xn)- To inves- 
tigate the polynomial part of the eigenfunction, wc carry 



out a similarity transformation on the Hamiltonian (2.1) 
with the ground state (|2.3|), 
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E y^dx^ ^ 2 Ox] " 2x~dx~. 
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2<l ^W ■^■'^ XkdXk 
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K jk ~ 1 



tjtkKjk - 1 



(Xj-X k ) 2 (Xj+X k ) 2 



(2.4) 



For the transformed Hamiltonian, the ground state wave 
function is unity and the ground state energy is zero. In 
what follows, we sometimes call the operator (2.4) the 
-BAr-Calogero Hamiltonian. 

The Dunkl operators associated with the -B/v-type 
Weyl group are defined as 

v, d = — + b<yl ~ ^- 

(LJhL . 1 l ' hK ^). (2.5) 



■ x k 



X 



3 



Xk 



The commutation relation with coordinates Xj is given 



by 



[Vj,Xk] = S jk (l + (1 + tjtfiKji + 2bt. 



-(1 - Sjk)a(l - tjtk)Kjk- 



(2.6) 



We introduce the creation- and annihilation-like op- 
erators and Cherednik operators for the B/v-Calogero 
model, 



dof 
OLi = V, 



t def 

a j ~ x 3 2lo _ v 11 



N 



(2.7) 



dj = ctjCtj + a 53 (1 + tjtk)Kjk + btj. (2. 



k=j+i 



Strictly, the operators a] and a, are not Hermitian 
conjugate each other. But we still use the nota- 
tion f since they have the relation ai(0g S ' ) )~ 1 — 

ctjQftg 8 ^) "" 1 ) after recovering the effect of the 



dm 



ground state (2.3). Although there .jexist different def- 
initions for the Cherednik operator ,E§E3> we select the 



one (2.8) for convenience of later discussions. Commu- 
tation relations among these Dunkl-Cherednik operators 
are given as follows, 

[at,a£] = [oj,a fc ] = [dj,d k ] =0, 
[a 3 ,a{] = 6 jk (l + a 2 (1 + tjti)K fl + 2b t, 



-(1 - Sjk)a(l - tjtk)K jk , 



= 5 



N 



^ ^ 

1=1 l=j+l 



J (1+ t s ti)Kn + a W(l - t 3 ti)K 3 A 
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-a (o (j - k)a\ (1 - tjt k )K jk + Q (k -j)a\ (1 + tjt k )K jk ^ , 
[dj,a k ] 



j'-i 



N 



Sjk(ctj+ a^2(l+ tjti)Kjictj+ a^(l— tjt^K, 



ioli 



1=1 



1=3 + 1 



+a (e(j -k)[l- tjt k )K jk a.j +0(fc- j)(l+ tjt k )K jk a k ) , 

(2.9) 

where 0(cc) is the Heaviside function, 



e(x) 



0, Or<0), 

1, (x>0). 



The Cherednik operators obey the following relations 
with the coordinate exchange and reflection operators, 



tjtj+i), 



- K j-j+idj+i - a(l + tjtj+i) 

[dj,K k , k+1 ] =0, (j^k,k+l), 
[dj,t k ] = 0. 



(2.10) 



In terms of the Cherednik operator dj, the Hamilto 



nian (2.4) is rewritten as 

N 

<Y,(di-W-l)a-b 



H, 



(B) 



3 = 1 



(2.11) 



It is well-known that the power sums of the Cherednik 
operators provide the mutually commuting conserved op- 
erators for the -B/v-Calogero model since {dj} mutually 
commute, \dj , d k ] = 0. Equation (2.11) shows that the 
Hamiltonian ( |2.4| ), which is one of the conserved opera- 
tors, is written by the commuting Cherednik operators. 
Thus the Cherednik operators {dj} themselves are the 
conserved operators for the -Bjv-Calogero model with dis- 
tinguishable particles. Because the Cherednik operators 



and the reflection operators mutually commute (2.10), 
the simultaneous eigenfunction of the Cherednik opera- 
tors is, at the same time, the simultaneous eigenfunction 
of the reflection operators. In other words, the parities 
for each variable are good quantum numbers. As we shall 
see shortl y in t he definition of the simultaneous eigen- 
function (|2.12a ), this property appears as a restriction 
on a parity for a variable. 

All the eigenfunctions are labeled by the symbol X a 
(composition) consisting of a partition A and a distinct 
permutation a G Sn- A partition A is a sequence of N 
nonnegative integers, 



A== f {Ai > A 2 > 



>X N > 0}. 



Distinct permutations a and r must satisfy X a (j) -V(j) 
for some j 6 {1, 2, • • • , N}. To define the nonsymmet- 
ric multivariable Laguerre polynomials, we introduce the 

B 

Bruhat order <, 



B 

/i r < A 



D 

1) n<\, 

2) when /i = A then the first 
non- vanishing difference 

r(j) - <r{j) > 0, 



where the symbol < is the dominance order, 

d 1 1 

fx < A jit 7^ A, \fx\ = j A| and (i k < X k , 



for all 1 = 1,2,-- 
for a partition A, 



fe=i fe=i 
, N. A set of indistinct permutations 



{a} = f {r e 5jv|A T = Xu and A r > X a for r 7^ a}, 
is represented by the permutation a which gives 

B 

the minimum in the sense of the Bruhat order <. 
The nonsymmetric multivariable Laguerre polynomial, 
l\ a (x; 1/a, 1/6, u>), is the nondegenerate simultaneous 
eigenfunction of the Cherednik operators {dj } with the 



coefficient of its top term x <* = x l 
conventionally taken to be unity, 



N 



h a (x; 1/a, 1/6, w) = x x ° + ^ w x ^ r {a, 6, 7^)^ , 

(/V < or |/*|<|A|) 
and v fc, ji T(fc) =\ a(k) (mod 2) 

(2.12a) 

djl\ a (x; 1/a, 1/6, u) = X~o(j)h a (x; 1/a, 1/6, w), (2.12b) 
where 



-V(j) - *a(j) 



2aU{l < k < j\X a{k) <X aU} } 



< k < N\X a{k) <A CT(j) })+6. 



From eq. (2.12a), we see that each monomial, x a and 



x^ T , in the nonsymmetric multivariable Laguerre poly- 
nomial has the same parity for a variable. The energy 
eigenvalue of the eigenfunction l\ a is given by 



N 



H, 



2J x °(k) lx o 



k=l 



The nonsymmetric multivariable Laguerre polynomials 
span the orthogonal basis for the -B/v-Calogero model 
with distinguishable particles. 

§3. Rodrigues Formula for the Nonsymmetric 
Multivariable Laguerre Polynomial 

Generalizing the method developed by Takamum and 
Takano for the nonsymmetric Jack polynomial^ we 
shall present the Rodrigues formula for the nonsymmet- 
ric multivariable Laguerre polynomial. 

We introduce two types of operators. The first type is 
the braid-exclusion operator for the -Bjv-Calogero model, 



X J,j+i = i [ d 3 ) Kj,j+i] 1 
which satisfies the following relations, 

djXjj+i - Xjj+idj+i = 0, 
- Xjj+idj = 0, 



(3.1) 



[dj,X kjk+1 ] = 0, (j^k,k + l), 
tjXjj+i - Xj t j +1 tj + i = 0, 



[tj,x kik+1 ] = o, ovM + i) 

From the above relations, we obtain 

-Xjj+i = (dj - d 1+ i) 2 - 2a 2 (l + tjt j+1 ), 

Xj,j+iXj+i,j+2Xjj + i = Xj+ij+nXjj+iXj+ij+z, 

[X jJ+1 ,X k<k+1 ] = 0, (\j-k\>2), 

tjXjj+itj+iXjj+i = Xjj +1 tj +1 Xjj +1 tj. (3.3) 

The second and fourth equations of ( |3.3| ) are of the 
same form as the Yang-Baxter and the reflection rela- 
tions, respectively. The operator Xjj+i is Hermitian, 
Xjj +1 = Xjj+i, but has no inverse operator since there 
exists an eigenstate of the operator X?j +1 whose eigen- 
value is zero. 

The operators of the second type are the raising and 
lowering operators. To construct them, we first introduce 
the Knop-Sahi operatorscif for the i?Ar-Calogero model, 

t def TS TS t 

e 1 = Kn,n-i ■ ■ ■ J<2,ia[, 
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(3.4) 



The above definitions (3.4) arc diJlcrent from those in- 
troduced by Baker and ForresterO We do not impose 
the restriction to eigenfunctions such that they should 
be even in each var ia ble Xj. T he K nop-Sahi operator is 
related to eqs. (|J), (|t]) and (§]|, 



djJ = eU j+1 , {] = !,■■■, N-l), 
d Ar e t = e\d x + 1), 

Xjj+iJ = eiX j+1J+ 2, {j = 1, • • • , N - 2), 

X w _ 1)iV ( e t) 2 = (e^) 2 X h2 , 

tjJ = eh j+1 , (j = !,-■■, N-l), 



-eHi 



(3.5) 



Next, using the braid-exclusion and Knop-Sahi opera- 
tors, we define the constituent operators, 

b) = X jJ+1 ■ ■ ■ X N ^ N e\ (j = !,■■-, N — I), 

6 f d - pt 

bN ^ {b y = e . 



■X jij+1 , (j = !,■■■, N-l), 

(3.6) 



With the help of eqs. (3.5), we have the relations, 



dib 



u k 



b k d j+ i, 

6+(di + 1), (j = k) 
b k dj, 



(1 <j <k-l), 
(J = k), 

(k + 1 < j < N), 



X^j+i b k 

f *>Um+i, (i < < i - 1), 

b]+i((d j+ i - rfi) 2 - 2a 2 (l - tj+ih)), 
(k = j), 

b\, (k=j + l), 

{ b\x j+1<j+2 , {j + 2<k<N), 



= < 



Lb 



bH 



(i<fe<i-i), 

-&J*i. (k = j), 
b\t j+1 , {j + l<k<N), 



(J < k), 



b k b j+1 Xi, 2 , 

Jfjk-l.fc-.X,-^!^}) 2 , (j>k). 



(3.7) 



In the end, we define the raising and lowering operators 
for the -B/v-Calogero model as follows, 



del' 



(3.8) 



The commutation relations with the Cherednik operator 
dj are simply expressed by 



[ d 



j > "fcj 



HA] 



0. 



a 



aj,a k ] 



(j > k), 
(J < k), 

= 0. 



(3.9) 



From the above relations, we notice that the raising op- 
erator a k increases the eigenvalue of the Cherednik oper- 
ator dj (j < k) by one. Thus the simultaneous eigenfunc- 
tion for the Cherednik operators {dj} takes the form, 



Za(*)=W 



(<4) A ~|0>, (3.10) 



! (a 2) ■••v u AT 

where |0) = 1 is the ground state, and the eigenvalue is 

dfl x = (Xj + 2(N - j)a + b) l x = Xjh- (3.11) 

Co mparin g eq. ( 3.11 ) with eq. ( [2.12b ), we identify 
eq. ( |3.10 ) as the eigenstate with the composition Aid- 

Now, we consider the eigenstates with the general com- 
position X a . The first and second relations of eqs. fl3.2j) 



show that the braid-exclusion operator Xj j+\ acts on 
an eigenstate to exchange the eigenvalue of dj ( ) 
for that of dj+\ ( dj ). For a composition \„ where the 
distinct permutation a is expressed by the product of 
transpositions as 

a = (*,, h + 1) • • ■ (fc 2 , k 2 + l)(k!, fci + 1), 

the Rodrigues formula for the nonsymmetric eigenfunc- 
tion with the composition A CT is presented as follows, 



X) = Xk u k! 



and the eigenvalue is 
dd 



\Xk 2 ,k 2 +\ 

\\\\ — A 2 ( „\ \^2' 



■ ■ X kl ,k,+i 
^•••(aj^ 



'jh„ - K(j)h a 



|0>, (3.12) 



(3.13) 



Since the nondegenerate cigenfunction l\ a have the same 
eigenvalue of th e non symmetric multivariable Laguerre 
polynomial l\ a ( 2.12a ), we conclude that l\„{x) is iden- 
tified with l\ a (x) up to normalization, l\ a {x) oc ^^(x). 

We note that the eigenstate ( 3.12 ) is also the simul- 
taneous eigenstate of the reflection operators {tj} since 
the Cherednik operator dj commutes with all t k , i.e. 
[djjtfc] = 0. So the parity for a variable Xj of the 
nonsymmetric multivariable Laguerre polynomial is re- 
stricted to even or odd as we have explained in the pre- 
vious section. It is possible that the parity for a variable 
Xj is different from the one for a variable x k (k =/= j). 
This means that the eigenstate we have constructed is 
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allowed to be the functions whose parities are different 
for each variable. After symmetrization on the variables, 
the eigenstate including different parities for each vari- 
able vanishes and the eigenstate with the single parity 
for all variables is left-. The result reproduces the one by 
Baker and Forrester E9 

§4. Norm Formula 

In this section we shall calculate the norm of the eigen- 
function obtained in the previous section. The Knop- 
Sahi operators for the i?Ar-Calogero model have the fol- 
lowing properties, 

e^e = d,N — Wjv, ee' = d 1 + bt\ + 1. 



From the definition ( |3.q ) and the above relations, it is 
easy to verify 

JV 

b)b 3 = (dj-btj) J] ((dj -d k ) 2 -2a 2 (l+tjt k )) , 
k=j+i 

N 

6 J -6] = (d 1 +&i J + l) J^[((d A; -d 1 -l) 2 -2a 2 (l-t fc t 1 )). 

Owing to the definition of the raising and lowering op- 
erators (3.8), we have the following expressions of the 
number-like operator, 

JV 

ojoj = Y[ (d k -bt k ) Y[((d k -dif - 2a 2 {\ + t k t l )) , 
i=j+i 

N 

a J aj = Y[(d k + bt k + l)Y[({d k -d l + l) 2 -2a 2 {l-t k t l )). 

1=3+1 



3 

n 

k=l 

j 



k=l 



We recall the definitions of the inner product and the 
norm for the -BAr-Calogero model, 



</,<?) 



def 



JV 



Hdx J \^\ 2 p(x)g(x), 

'i=i 



l/l 2 = (/,/)• 



(4.1) 



Since the Cherednik operators dj are Hermitian concern- 
ing the inner product, the nonsymmetric multivariable 
Laguerre polynomials are orthogonal with respect to the 
inner product, 

(^a„, V) = \hj <*K,»t O (l^Jnr) = \ 1 k\ 

The norm of the eigenfunction l\ with the composition 
A = Aid is calculated as follows, 



(1,1) 



N l A,-A, 



nnn 



A m -r 



b-r+l] 



l—\ m—l r—1 

JV 



xll [(A m -A fc -r+l) 2 

k=l+l 

-2a 2 (l-(-l) Am+Afc - r )] 

TV I A(-A ! + 1 

linn [^n + 2(N-m)a+(l + (-l) x ^ r )b-r + l] 

L—l m—l r—1 



JV 

x n [( A m-A fe +2(fc - m)a-r+lf 

k=l+l 

,2fi i i\A m +A fc -r\ 



-2a 2 (l-(-l) A '"+ Afc - r )], (4.2) 
where the norm of the ground state is 

(1,1) = 



1 



UJ N(N-l)a+N(b+^) 

" r(Q--i)q + ft + §)rcjQ + i) 



r(i + o) 



with r(z) being the gamma function. To get the norm 
of the general eigenstate with the composition A^, we re- 
cursively use the first relation of eqs. (3.3). For example, 
in the case of a = (j, j + 1), we perform the calculation, 

= [(A j -A i+1 ) 2 -2a 2 (l+(-l)^ +A ^)]<«AjA). 

Thus we can recursively calculate the norms for all the 
eigenstates. 

§5. Concluding Remarks 

Generalizing the Takamura-Takano method, we have 
investigated the -B/v-Calogero model with distinguish- 
able particles and algebraically constructed the nonsym- 
metric eigenfunctions for the model. In other words, we 
have presented the Rodrigues formula for the nonsym- 
metric multivariable Laguerre polynomial. The formula 
provides us with not only known eigenfunctions which 
are even in all variables, but also those which have dif- 
ferent parities for each variable. 

So far, only nonsymmetric multivariable Laguerre 
polynomials with even parities for all variables have 
been considered. Under the restriction on parities, 
the Cherednik operators for the B/v-Calogero model 
can bp^mapned to those for the ^4jv-i-Suthcrland 
modeliiSuEacj) That is, only the nonsymmetric mul- 
tivariable Laguerre polynomials which can be mapped 
to the well-investigated (Ajy-i-)Jack polynomials have 
been studied. In this paper, we apply an alge- 
braic method to the whole nonsymmetric multivariable 
Laguerre polynomials with no restriction on parities, 
which cannot generally be mapped to the nonsymmet- 
ric (Ajv-i-)Jack polynomials, for the first time. 

The Calogero model with distinguishable particles we 
have considered in this paper is mapped to the spin 
Calogero model by replacing the coordinate exchange 
operator Kj k with the spin exchange operator Pj k and 
identifying the reflection operators as unity. This map- 
ping is possible when the whole eigenfunction is sym- 
metric (or anti-symmetric) under the exchange of parti- 
cles, i.e. Kj k Pj k = 1 (or — 1), and when the parities for 
each coordinate variable are even. The eigenfunction we 
have constructed corresponds to the orbital part of the 
whole one. To obtain the whole eigenfunction of the spin 
Calogero model, we have to take an appropriate linear 
combination of products of the orbital and spin parts. 
We note that the particle exchange operators Kj k Pj k 
and the reflection operators tj do not generally com- 
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mute, tjKjkPjk = KjkPjktk, which is the reason why the 
nonsymmetric multivariable Laguerre polynomials with 
different parities for each coordinate variable have not 
been studied. However the abandoned eigenstate is nec- 
essary when we solve the diagonalization problem for a 
more general BN-Calogero model explicitly including the 
reflection operators in the Hamiltonian. 

In the limit u> — > oo, the nonsymmetric multivariable 
Laguerre polynomial reduces to the nonsymmattkj Bn- 
Jack polynomial discussed in previous papers .EJElP We 
should note that the Rodrigues formula and an alge- 
braic calculation of the norm of the nonsymmetric Bn- 
Jack polynomials are given in a parallel way to those 
of the nonsymmetric multivariable Laguerre polynomial. 
The nonsymmetric -Bat- Jack polynomials diagonalize the 
Cherednik operators 



D, 



N 

XjVj +a VYl +tjtk)Kjk + btj, 



whose physical significance is not clear at the moment. 

An algebraic approach is very useful for construction 
of eigenstates and calculation of physical quantities, be- 
cause of the connection with the concept of field the- 
ory. It is interesting to verify whether the symmetrized 
Takamura-Takano raising operators agree with the ones 
constructed by the Lapointe-Vinet method Jj'tT which is 
left for future study. 
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